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Abstract The main aim of the following text is to study the semigroup of continuous 
functions from a topological space to itself under the operation of composition of maps, in 


the point of view of Smarandache semigroup’s approach. 
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81. Introduction 


As it has been mentioned [3, page 29], a Smarandache semigroup S is a semigroup which 
is not a group and has a proper subset A with at least two elements such that A under the 
operation of S is a group. One may want to restrict the elements of S under particular properties, 
e.g., one may ask about G in X* where X is a compact Hausdorff topological space and G is 
a semigroup of continuous functions on X, this case has been studied in [1]. In this paper our 
main interest is on semigroup of continuous functions on X, i.e., C(X, X). 

Let X be a topological space. By C(X,X) we mean the set of all continuous maps like 
f : X — X, which is clearly a semigroup under the composition of maps. In the next section 
which is the main section of this paper, we want to study the conditions under which C(X, X) 
is a Smarandache semigroup. 

Remark. If f: X — Y isa map and D C X, by f|p : D— Y we mean the restriction of 
f to D. Moreover idx : X — X denotes the identity function on X, ie., idx (x) = x(a € X). 


§2. C(X, X) and Smarandache semigroup’s concept 


In this section we want to be as close as possible to the cases in which C(X,X) is a 
Smarandache semigroup (under the composition of maps). From now on suppose X is a topo- 
logical space with at least two elements and consider C(X,X) under the composition of maps 
operation (so C'(X, X) is a semi-group). 

Lemma 2.1. C(X, X) is not a group. 


1With thanks to Prof. A. Mamourian for his helpful comments, ideas and encouragement. 
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Proof. Let 21,272 be two distinct elements of X and f;() = 2;, then fi, f2 are to idem- 
potents of C(X,X) but fi, fo = idx. 

Corollary 2.2. C(X, X) contains a group with at least two elements if and only if it is a 
Smarandache semigroup. 

Proof. Use Lemma 2.1. 

Theorem 2.3. If X satisfies one of the following conditions, then C(X,X) is a Smaran- 
dache semigroup: 

(1) There exists a homeomorphism f : X — X such that f = idx; 

(2) There exists nonempty disjoint topological spaces Y and Z such that X = YUZ and X is 
topological disjoint union of Y and Z,ie., {U UV : U is an open subset of Y and V is an open 
subset of Z} is the topology of X. 

Proof. (1) fr:n€ Z is a subgroup of C(X,X) with at least two elements (idx(= f°) 
and f(= f+)), now use Corollary 2.2. 

(2) Let 21 € Y and x2 € Z. Define g: X — X with g(x) = xg for x € Y and g(a) = x, for 
xe Z. 9,g°g is asubset of C(X, X) with two elements and it is a group under the composition 
of maps. Corollary 2.2 completes the proof. 

Counterexample 2.4. 

(1) Consider Y := N with topology {{1,---,n}:n€EN}U {0,N} and Z := {0} with 
topology {7,0}. Then X = Y UZ as topological disjoint union of Z and Y satisfies item (2) in 
Theorem 2.3, so C(X,X) is a Smarandache semigroup, however X does not satisfy item (1) in 
Theorem 2.3. 

(2) Consider X := F with topology {{—n,-n +1,--- ,n}:n€N}U {X, 0} satisfies item 
(1) in Theorem 2.3 (—idx : X — X is a homeomorphism and — idx 4 idx) so C(X,X) isa 
Smarandache semigroup, however X does not satisfy item (2) in Theorem 2.3 since for any two 
nonempty open subsets U,V of X, {0} CUNV and UNV £9. 

(3) Consider X := {1,2} with topology {{1},X,0}, then C(X, X) is the set consisting of 
three elements: idx, constant function 1, and constant function 2, so it is clear that all of the 
elements of C(X, X) are idempotents, thus C(X, X) does contain any group with at least two 
elements and by Corollary 2.2 it is not a Smarandache semigroup. 

Corollary 2.5. C(X x X,X x X) is a Smarandache semigroup. 

Proof. f:X x X ~ X x X with f(x,y) = (y,x)((a,y) € X x X) is a homeomorphism 
and f #4 idxxx, so by Theorem 2.3, C(X x X,X x X) is a Smarandache semigroup. 

Note 2.6. Comparing Corollary 2.5 and item (3) in Counterexample 2.4, leads us to the 
fact that there are cases in which C(.X, X) is not a Smarandache semigroup but C(X xX, X xX) 
is a Smarandache semigroup. 

Proposition 2.7. Let Y be a topological space. If C(X,X) is a Smarandache semigroup, 
then C(X x Y,X x Y) is a Smarandache semigroup too. 

Proof. Since C(X, X) is a Smarandache semigroup, thus there exists a group G C C(X, X) 
with more than two elements. For K := {(f,idy): f © G} (where (f,idy) : X x Y — X x 
Y is (f,idy)(x, y) = (f(x), y)) is a group and subset of C(X x Y,X x Y) with more than one 
element, so by Corollary 2.2, C(X x Y,X x Y) is a Smarandache semigroup. 

Note 2.8. If X is discrete, then it is topological disjoint union of two spaces, so C(X, X) 


Vol. 5 Semigroup of continuous functions and Smarandache semigroups 33 


is a Smarandache semigroup by Theorem 2.3. 

Theorem 2.9. If (X,X) is a Smarandache semigroup and G C C(X,X) with at least 
two elements is a group, then there exists W C X with at least two elements such that for all 
f EG: 

(1) flw : Y — W is a homeomorphism. 

(2) flw = idw if and only if f is the identity of G. 

Proof. Suppose k is the identity of G and f € G. For all x © X,k(f(x)) = f(k(x)) = f(a), 
therefore f(x) € {2 € X : k(z) =z}=:W . Therefore f|w :W — W is a continuous function. 
It is clear that k|y = idw. Moreover there exists g € G such that fog =gof =k, also 
glw : W — W is continuous. Using flw oglw = glw ° flw = klw = idw leads us to the fact 
that flw :W — W is a homeomorphism. 

Since f(X) C W , thus W 4 @. We claim that W has at least two elements, otherwise 
W =a, f is constant function a (note that f(X) C W = {a}), and it is idempotent, since f € G 
is arbitrary, thus all of the elements of G are idempotent, which is a contradiction since G is a 
group with more than one element and in a group there exists just one idempotent element. 

Moreover suppose f € G is such that f|w = idw . There exists g € G such that fog =k. 
In addition we know g(X) C W , thus for all  € X we have k(x) = f(g(x)) = flw(g(x)) = 
idw(g(x)) = g(x) which shows g =k, thuyk= fog=fok=f. 

Considering Theorem 2.3 and Theorem 2.9 make us to ask: 


Problem 2.10. If C(X, X) is a Smarandache semigroup, does at least one of the condi- 
tions: 

(1) There exists a homeomorphism f : X — X such that f = idx; 

(2) There exists nonempty disjoint topological spaces Y and Z such that X = Y UZ and 
X is topological disjoint union of Y and Z. hold? 


§3. A short glance to other topological properties else con- 
tinuity 


In this section we deal with examples of semigroups of resp. close, open, clopen, and proper 
maps from topological space X to itself, with the operation of composition of maps. 

Remark. In topological space X: 

(1) f : X — Xis called open if for any open subset U of X, f(U) is open; 

(2) f : X — X is called close if for any close subset C of X, f(C) is close; 

(3) f : X — X is called clopen if it is both close and open; 

(4) f : X — X is called proper if for any compact subset K of X, f~'(K) is compact. 

Remark. If X has at least two elements, then X*, the set of all functions f : X — X, is 
a Smarandache semigroup. 

Lemma 3.1. If X has at least two elements, then S = {f € X* : Vx € X(f~1(z) is finite) } 
is a Smarandache semigroup. 

Proof. Let a,b be two distinct elements of X and X has at least three elements. Define 
f:X — X with f(x) = a for x = a,b and f(x) = x for  € X — {a,b}. f and idx are two 
different idempotent elements of S, so S is not a group. Define g: X — X with g(a) = 8, 
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g(b) =a and g(x) = xfor x € X — {a,b}, g,g 0g is a subset of S with two elements and it is a 
group, thus S is a Smarandache semigroup. 

Example 3.2. Let S be the semigroup of all closed maps like f : X — X, under compo- 
sition of maps: 

(i) If X with at least two elements is discrete, then S = X* is a Smarandache semigroup; 

(ii) If X = Z with topology {X,0}U {X — {—n,--- ,-1,0,1,--- ,n}:n Ee NU {O}}, then 
X is not discrete and S is a Smarandache semigroup; since: 
—idx and constant function 0 are two different idempotent elements of S, so S$ is not a group, 
— {idx,—idx} is a subgroup of S with two elements; 

(iii) If X = {1,2} with topology {X,{1},0}, then S has two elements and it is not a 
Smarandache semigroup. 

Example 3.3. Let S be the semigroup of all open maps like f : X — X, under composition 
of maps: 

(i) If X with at least two elements is discrete, then S = X * is a Smarandache semigroup; 

(ii) If X = Z with topology {X,0} U {{—n,---,-1,0,1,--- ,n}:neE NU {O}}, then X is 
not discrete and S is a Smarandache semigroup (use a similar method described in Example 
3.2); 

(iii) If X = {1,2} with topology {X,{1},0}, then S has two elements and it is not a 
Smarandache semigroup. 

Example 3.4. Let S be the semigroup of all clopen maps like f : X — X, under 
composition of maps: 

(i) If X with at least two elements is discrete, then S = X* is a Smarandache semigroup; 

(ii) If X = ZU rZ with topological basis {{—n,--- ,-1,0,1,--- ,n}UA:neENU{O}, AC 
mwZ}, then X is not discrete and S' is a Smarandache semigroup (use a similar method described 
in Example 3.2); 

(iii) If X = {1,2} with topology {X, {1} ,0}, then S has one element and is not a Smaran- 
dache semigroup. 

Example 3.5. Let S be the set of all proper maps like f : X — X, under composition of 
maps (use Lemma 3.1): 

(i) If X with at least two elements is discrete, then S = {f € X* : Va € X(f7(x) is finite) } 
is a Smarandache semigroup; 

(ii) If X = ZU xZ with topological basis {{—n,--- ,—-1,0,1,--- ,nJUA:nENU{O},AC 
mZ}, then S is a Smarandache semigroup, and X is not discrete (in this case we have S = 
{f €X* :Va € X(f-'(z) is finite) } too). 


84. More examples 


In this section suppose G (resp. G) is a domain (resp. closed domain) in C, also suppose it 
is bounded with nonempty interior. We have the following examples which deal with product 
operation (not composition of maps) on complex valued maps with a paticular property. 

(1) C(G): the set of continuous complex valued functions on closed domain G [4, page 3]. 
C(G) under product operation is a Smarandache semigroup. 
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(2) C™(G): the set of continuous complex valued functions on domain G, with continuous 
partial derivations up to the m-th order [4, page 3]. C’(G) under product operation is a 
Smarandache semigroup. 

(3) C..(G): the set of all bounded functions f : G — C for closed domain G such that there 
exists 0 < H < +00 with 


Vai, 22 € G(|f(z1) — f(z2)| < Hlz1 — 22|*) 


for 0<a< 1 [4, page 7]. Ca(G) under product operation is a Smarandache semigroup. 

(4) Cm(G@) = {f © OG) :VhE {0,--+,m} sr@rLore € Ca(G)} for 0 <a <1anda 
closed domain G [4, page 7]. C™(G) under product operation is a Smarandache semigroup. 

(5) A(G): the set of all analytic functions on G. A(G) under product operation a Smaran- 
dache semigroup. 

(6) €°(X): the set of all bounded functions like f : X — C [2, Chapter 6] where X has 
more than one element. €°(X) under product operation is a Smarandache semigroup. 

(7) €?(X): the set of all functions like f : X — C where X at least two elements, with 
> |f(x)|? < +00, for fixed p € [1,+00) [2, Chapter 6] where X has more than one element. 
weX 


é?(X) under product operation is a Smarandache group. 

Proof. For items (1),--- , (6): let S denotes the related semigroup. For h(x) = 0, f(x) =1 
we have h, f € S and it is clear that under product operation S is not a group, moreover f,—f 
is a proper subset of S with two elements which is group under product operation, so S$ is a 
Smarandache semigroup. 

(7): Suppose 21,22 be two distinct elements of X, for i= 1,2 let f;(x;) =1 and f;(x) =0 
for x € X —{a;}, then 0 = fifo, fi, fo € P(X) and ¢?(X) under product operation is not group, 
but it contains { f,,—j1} which is a group, so €?(X) under product operation is a Smarandache 
semigroup. 
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